— Homework —

Data Bases and Data Mining
Hugo SALOU

1 Exercise 2.3: Window functions [e].

Question 1.1. For each evaluation, return the name of the reviewer, the title of the film
evaluated, the rating given to the film by the reviewer and the average of all the scores
assigned by this reviewer.

We can use the following query:

select name_reviewer, title_movie, stars_rating,
avg(stars_rating) over (partition by id_reviewer) as average
from ratings natural join reviewers natural join movies

Question 1.2. For each evaluator, give the number of films reported, the average rating
they gave, thesmallest and the best note. Orderthe result by the number of films reported.

We can use the following query:

select name_reviewer, count(id_movie), avg(stars_rating),
min(stars_rating), max(stars_rating)

from ratings natural join reviewers

group by id_reviewer

order by count(id_movie) desc

Question 1.3. Foreach film, display its average rating and ranking rank in order of aver-
age ratings among all the films.

We can use the following query:

with movie_avg as (
select id_movie, avg(stars_rating) as avg_rating
from ratings group by id_movie
)
select id_movie, avg_rating,
rank() over (order by avg_rating desc) as ranking
from movie_avg
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Question1.4. Foreach reviewer, and each film they rated, display the highest rating they
gave to that film, as well as the average of all the ratings that were given to this film. The
response will be ordered by reviewer name and movie title.

We can use the following query:

select name_reviewer, title_movie, max(stars_rating) as max_rating,
avg(stars_rating) over (partition by id_movie) as avg_rating

from ratings natural join reviewers natural join movies

group by id_reviewer, id_movie

order by name_reviewer, title_movie

2 Exercise 3.9 [e¥].
Let R(Atty), S(Attg) with Attg < Atty. Let A := Atty ~ Attg.

Note. I also tried this exercise, by using Codd’s theorem for the first ques-
tionas R +S = Gyaug ras (a8 the V is transformed into a =3-). Unfortu-
nately, I was not able to completely simplify the resulting query to the one
expected.

Question 2.1. Prove the identity R + S = 5 (R) ~ 5 ((m5(R) X S) ~ R).

I will say that a tuple x € D* is invalid when xy ¢ R for all y € S. The set of
invalid values is given by

P:=m,\((mA(R) x S)~R).

The tuples in the division R + S are exactly the valid tuples (the not invalid
ones) of 7, (R). Thus:

Question 2.2. Prove the identity R + S = ;e Ta(0g=;(R)).

By definition,

R+S::{u€DA‘Vt’eS,EIteR,tm:uandtms:t’}.
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We have that

N 7a(0s-:(R)) ={ue D* |Vt €S, ucem,(os-,(R))}

teS

ueD"|VteS,At' €os_ (R), t)y = u}

{ueDA Vi €S, 3t eR, 1), = uand tjp,, = t'}
R+S.

3 Exercise 3.10 [e].

Define by induction a function sch that takes an relation algebra query and outputs
the relation schema of a corresponding relation.

Arelation schema is given by a relation name and its attributes’ names. How-
ever, for queries, the relation name really does not matter, so we can always
use a fresh relation name (except, for example, for R where we use R). So, I
will only define the names of attributes in the output of a relational algebra

query.
Define sch(q) by induction on query g:
> sch({j: d)) :==1{j};
> sch(R) := Attg;
SCh(Uj:j’(q)) :=sch(q);
sch(m;(q)) := I nsch(q);
sch(pp(q)) := f(sch(q)) =1f(j) |j € sch(g)};
sch(qu q') :=sch(q) =sch(q');
sch(g~q') :=sch(q) = sch(q");
> sch(g X q") := sch(q) Usch(g").

v Vv Vv V V

In the above, I assumed a well-written query (e.g. no (j : d) U (j' : d") with
j£jh.
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4 Exercise 4.5: Query evaluation [e].
In this exercise, we study the theoretical complexity of query evaluation.
Question 4.1. Write an algorithm running in polynomial space for FO query evaluation.

Firstly, assuming the database instance is available globally, we can use the
following algorithm for FO query evaluation (algorithm 1).

Algorithm 1 FO query Evaluation

1: procedure EVAL(A, ¢b)

2. if¢p =R(1,...,7,) thenreturn trueiff (A(1;),...,A(7,)) € R
3 elseif ¢ = ¢ v 9 then return EvAL(A, v) | | EVAL(A, 9)

4 else if ¢ =y A O then return EVAL(A, ) && EVAL(A, 9)

5 else if ¢ = — then return not EVAL(A, ¥)
6

7

8

9

elseif ¢ = x,y then

forall v € Ddo
L if EVAL(A[x := v],¥) = true then
 return true
10: return false
11: else > $=Vxvy
12: forall v e Ddo
13: if EVAL(A[x := v],w) = false then
14:  return false
15:  _  returntrue

Here Aisavaluation, and EVAL(A, ¢) returns trueiff I, A E ¢. Thus, for closed
formulas, we simply have to use the “empty” valuation.

The space complexity of algorithm 1is O (|¢p|log|D|) as we simply consider
one path in the evaluation tree (and we wait for the first path to finish be-
fore going to a different branch), and for the “for all” instructions, we can use
binary counting, thus only requiring O(log|D|) space.

Question 4.2. Show that FO query evaluation is PSPACE-hard.

To do that, we will use that the Quantified Boolean Formula problem (QBF)
is PSPACE-hard and we will proceed by reduction.
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Consider ¢ a quantified boolean formula, and consider the following database
instance [:

> D :={true, false};

> TRUE' = {(v : true)} with only one attribute v such that v does not oc-
cur (not even as a bound variable) in ¢.

Then we transform ¢ into ¢ by replacing all occurrences of variables x by the
relational algebra query TRUE(v : x). This can be done in polynomial time.
We have the following equivalence:

LAE®D = AE ¢,

which can be proven by a simple induction on ¢. The only interesting case in
this induction is for variables and we have

I,AETRUE(v:x) < (v:A(x)) € TRUE' < A(x)=true < Ak x.

X

We can thus conclude by reduction that first-order query evaluation is PSPACE-
hard, and thus, PSPACE-complete with the first question.

5 Exercise 4.7: Trakhtenbrot’s theorem [e #].

We consider the halting problem of a deterministic Turing machine on theempty word :

Input. A deterministic Turing machine M

HALT, Output. Does M halt on input €?

Theorem1. The SATRC problem is undecidable where

Input. A closed first-order formula ¢

SATRC Output. Does ¢ admit a finite model?

Question 5.1. Explain which reduction to apply for proving the Trakhtenbrot’s theorem
(give a diagram if that helps).
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We will construct a reduction HALT, < SATRC:

HALTE f(M)sat <= Mhaltsone

M —— IR — f(M) > | SATRC | ——

Figure 1 | Diagram for a reduction HaLT, < SATRC

In figure 1, we write “f (M) sat” to say that first-order formula f(M) admits
a finite model.

Question 5.2. Write a formula saying that the relation symbol < is interpreted as a strict
linear order <.

Note. In the rest, I will use = to denote implication. It'll behave greedily
on the right (like V and 3), but not on the left. For example,

anb=cv3iu,d(u)

means
an(b=>(cv3@u,d(u)))).

Writing x « y for =(x < y), we define the following formulae:
> irreflexive := Vx,x < x,
> asymmetric:=Vab,a<b = b < a,
> transitive:=Vabc,a<bAb<c=>a<c,
> linear:=Vxy,x<yvx=yvx>y,
and finally define

strict-linear-order := irreflexive A asymmetric A transtive Alinear.

strict-order
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Question 5.3. Write a formula saying that the constant symbol O represents the mini-
mum of <.

We can use the formula:

minimum:=Vx,x #0=>0<x.
(x=0)
X =

Question 5.4. We now introduce the relation symbols Ty(-,-), Ty (+,-), H,(+,-) for all
states g of M. The intuitive meaning of T;(x, t) is that there is the letter i at cell x at
time t. The predicate H,(x, t) means that the machine is in the state q at time t and
the head is at position x at time t. Write a formula saying that there is an terminating
execution of Mon €.

For every transition 7 := [(gq,a) —,, (q', a’), m],* we define the formula:
move(t, T) := update(t, 1) A keep-others(t, 1)

where
> update(t,7) :=Vx, Hy(x, ) AT, (x,t) = Ty (x, t +1) AH,(m(x), £ +1)

> keep-others(t,7) := Vx,~H,(x,a) = N Ti(x,t) e Ti(x,t+1)
aef0,1,0}

> To(x,t):=-Ty(x,t) AT (x, t).

The intuitive meaning of these formulae is: formula update updates the state
of the Turing machine and the value on the tape at the head’s position; and
formula keep-others states that all other cells on the tape are preserved (and
no new cell is created).

We will define a formula
valid(t) := head(t) A head-unique(t) A Vx, cell-valid(t, x)

where

2This notation means that M was in state g € Q and its head read a € {0,1, 0} and that,
after the transition, M will write a’ € {0,1, 0} at the head position, then move its head
according to m € {x — x — 1,x — x + 1}, and finally switch to state ¢’ € Q.
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> head(t):=3x, \/ Hy(x,1);
qeqQ

. . !/ !/ _ / .
> head-unique(#) := Vxx ,qé\EQHq(x, t)NHy(x', 1) = x=x"Neq,

. T ifg=q
e —
Aa.q 1 otherwise;
> cellvalid(x, £) := =Ty (x, 1) A Ty (x, 1)).

The meaning of valid is to ensure that the Turing machine stays in a valid
state:

> the Turing machine is in some state g and the head is somewhere on
the tape (ensured by head(t)),

> the Turing machine cannot be in two states at once nor have a head at
two different positions (ensured by head-unique(t)),

> the cells on the tape can either be 0, 1 or O, and cannot be have both 0
and 1 written (ensured by cell-valid(x, t)).

We also define a formula
init:= H, (0,0) AVx, T5(x,0)

defining the initial state of the Turing machine.

Weused x+1, x—1 previously (with functions (—)+1and (—)—1), but we need
to define a few axioms saying that they behave according to +y, and —:

coh, :=Vx,x<x+1AVy,x<y=x+1<y
and
coh_:=(Vx,x#0=>x-1<xAVy,y<x=>y<x-1)A0-1=0,
where we write x < y for x < y v x = y. These definitions come from:

X +y1=min{y|x <y} 0—n1=0 x—y1l=max{y|y<x}.

ifx+0
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Note. Rereading the course notes, it seems that we do not allow functions
interms. But, there is an easy fix: whenever we have T, (x, t+1), it suffices
to replace t + 1 by a fresh variable u, and to append the coherence rule for
(=) + 1 specialized at x/u:

T,(x,t+1) ~ du, T,(x, u)/\c,om[t, ul,

Where&;}ﬂ[t, u] =coh [t,u]AVv,v # u = —coh,[t,u]. Formulacoh, ¢, u]
is obtained by removing the Vx and replace x by ¢ and x + 1 by u in the
rest of the formula.

Intuitively, coh, [¢, u] says that u behaves like ¢ + 1, and Ethr [t, u] states
that u is the unique element behaving like # + 1.

We can finally define a formula saying that there is an execution of M on €
that halts.

exec-halt := 3T, init A make-moves(T) A all-valid(T) A halts(T)

where (in the following, 7,7’ are transitions of M)

> make-moves(T):=Vt,t < T = has-move(t) A move-unique(t);

> has-move(t) :=\/, move(t,T1);

> move-unique(t) := A, » move(t,T) A move(t, ') = eq, ,s;

> allvalid(T):=Vt,t < T = valid(z);

> halts(T) := =V, move(T,1).
Question 5.5. Conclude.

We define
f (M) := strict-linear-order A minimum A exec-halt
and we have the equivalence:

f(M) admits a finite model <= M has a execution that halts on €.
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The fact that we have a finite model tells us that we do not consider an execu-
tion whose length is infinite.

To prove “ = ”, we would have to prove that all the previous formulae have
the correct behaviour in a finite model, and thus we can use the sequence of
moves satisfying make-moves, to obtain the execution.

To prove “ <= ”, we would have to show that [0, T] is a finite model of f (M)
where T'is the length of the execution that haltson €.

This concludes the reduction HALT, < SATRC, and as HALT, is undecidable,
so is SATRC.

6 Exercise 5.9 [e¥].
Prove that testing that a FO query is domain independent is undecidable.

Firstly, we can clearly see that both problems DomDEPand DOMIND are equiv-
alent: if one is decidable, so is the other (we simply negate the output). Thus
we will show that DomDEP is undecidable, proving the undecidability of Do-
MINDin the process.

Input. A database query g

DoMIND Output. Is g domain independent?

Input. A database query g

bomDEp Output. Is g domain dependent?

We will proceed by reduction to show that SATRC < DomDEP. Consider a
closed first-order formula ¢. Define f(¢) := g, X 7, (x = y) where g, is
defined in the proof of Codd’s theorem (the definition of ¢, does not use the
hypothesis of domain-independence: it is only used in the proof that ¢ and
g, have the same semantics).

Let us show

¢ admits a finite model <= f(¢) is domain dependent.

—10/11 -



Firstly, we will show the implication “ = ".

> If ¢ is satisfiable, then [f ()]’ = {(x : v) | v € I} for all I satisfying ¢,
and [f(¢)]" = @ otherwise.

> If ¢ is unsatisfiable, then for all I, [f(¢p)]’ = @. Thus f(¢) is domain

independent.
Secondly, we show the opposite implication “ < ".

> If ¢ is domain dependant, then necessarily there is an instance satis-
fying 4, and thus ¢.

> If ¢ is domain independent, then necessarily g, is always false, thus ¢
does not admit a finite model.

Thus SATRC < DoMmDEP and SATRC is undecidable thus so is DomDEP, and
so 1s DOMIND.
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